ABSTRACT. This paper develops some mollification formulas involving convolutions between popular radial basis function (RBF) basic functions Φ, and suitable mollifiers. Polyharmonic splines, scaled Bessel kernels (Matern functions) and compactly supported basic functions are considered. A typical result is that in R d the convolution of | • | β and (• 2 + c 2 ) −(β+2d)/2 is the generalized multiquadric (• 2 + c 2 ) β/2 up to a multiplicative constant. The constant depends on c > 0, β where (β) > −d, and d. An application which motivated the development of the formulas is a technique called implicit smoothing. This computationally efficient technique smooths a previously obtained RBF fit by replacing the basic function Φ with a smoother version Ψ during evaluation.
INTRODUCTION
This paper develops some mollification formulas involving convolutions between popular radial basis function (RBF) basic functions Φ, and suitable mollifiers k. Polyharmonic splines, scaled Bessel kernels (Matern functions) and compactly supported basic functions are considered. An application which motivated the development of the formulas is a technique called implicit smoothing. This computationally efficient technique smooths a previously obtained RBF fit by replacing the basic function Φ with a smoother version Ψ during evaluation. In the case of the polyharmonic spline basic functions the smoothed basic function is a generalised multiquadric or shifted thin-plate spline (at least up to a polynomial).
Special cases of one of the mollification formulas developed here were given in the 1D setting in [3] . That paper concerned error estimates for quasi interpolation with 1D generalised multiquadrics, and showed by elementary methods
for c > 0 and j ∈ N . A multivariate analog relating Φ(x) = |x| and the multiquadric Ψ(x) = √ x 2 + c 2 in R 3 has been used to smooth implicit surface fits to lidar and laser scanner data (see Figures 1 and 2 , and Section 2). This application is detailed in [6] . That paper presents the application but not the mathematics underlying it.
The purpose of the current paper is to present a mathematical treatment of general versions of these, and related, mollification formulas. An important case of the mollification formulas proved in this paper, and used in the lidar and laser scanner application [6] mentioned above, is the following formula Initially our development for the polyharmonic spline case was based on viewing odd powers of |x| as multiples of fundamental solutions of iterated versions of Laplace's equation. As such our treatment was restricted to polyharmonic splines in odd dimensions. Changing to arguments based more directly on generalised functions has enabled many restrictions to be dropped. For example in the case of the results for |x| β (Theorem 4.1) there is no longer any restriction on the parity of the dimension, nor any requirement that the power β of |x| be odd or integer. Furthermore we develop analogous formulas for polyharmonic splines in even dimension. Related results for scaled Bessel kernels (Matern functions) and compactly supported radial basis functions are also discussed.
Notation: In this paper the Fourier transform is defined as follows
The Fourier transform is extended to the space of tempered distributions S (R d ) in the usual manner.
AN APPLICATION -IMPLICIT SMOOTHING
This section concerns an application of the mollification formulas to come to the smoothing of RBF fits. This particular application motivated the development of the formulas. The process will be called implicit smoothing and can be viewed as smoothing an interpolant to noisy data rather than smoothing the data itself.
The process starts with a noisy data set to be approximated. Figure 2 shows one example of such a noisy data set, a "noisy" Lidar scan. Firstly an RBF is fitted to the noisy data yielding an RBF approximation
Then the initial RBF approximation is smoothed by convolution with the mollifier k yielding a smoother fit
where q = p k and Ψ = Φ k. Figure 1 shows zoomed in views of the isosurfaces arising when this strategy applied to the noisy Lidar scan of Figure 2 . Here Φ(x) = |x| is the biharmonic spline basic function in R 3 and Ψ(x) = √ x 2 + c 2 is the ordinary multiquadric. In Figure 1 one can clearly see the amount of smoothing increase with the parameter c. Figure 3 shows a thin-plate spline fit to data from the Mexican hat function f (x) = (1 − x 2 ) exp(−x 2 /2) at 400 scattered points in R 2 . Uniform random noise of magnitude 0.7 has been added to the original Mexican hat height data. Here Φ(x) = x 2 log |x| is the thinplate spline and Ψ(x) = (x 2 + c 2 ) log √ x 2 + c 2 is the shifted thin-plate spline. Implicit smoothing has been employed to obtain an approximation to the noise free signal.
For important choices of Φ, and suitable choices of k, the smoothed basic function Ψ turns out to be a simple and easy to evaluate, function. Therefore in applying the technique there is no need for any explicit, and computationally expensive, evaluation of convolutions. Rather one fits the initial radial basis function s, and then smooths it when evaluating by substituting the smoothed basic function Ψ for the original basic function Φ. Thus the
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Smoothed with c =20mm FIGURE 1. Implicit smoothing applied to a noisy Lidar scan.
technique can be viewed as smoothing by basic function substitution. In some important cases fast evaluators are available for the smoothed RBF s.
Advantages of the technique are
• No explicit convolution to do.
• There is no requirement that the data or evaluation points be gridded.
• Well understood linear filtering. Fourier transform and absolute moments of the smoothing kernel are known.
• Smoothing can be chosen for appropriate frequency or length scale.
• A posteriori parameter for user to play with -"noise level/frequency" need not be known a priori. Disadvantages of the method are
• There is a parameter for the user to play with.
• The method is just linear filtering so will blur sharp features. Implicit smoothing of globally supported RBFs should also have many other applications. [11] has used related basic function substitution techniques as part of a process for the numerical solution of PDEs with compactly supported RBFs.
TECHNICAL LEMMAS
The following technical lemmas which deal with distributions and special functions will be needed in later sections.
Viewing g and h as tempered distributions suppose that there exist functions G and
Further writing k for the classical Fourier transform of k suppose
where p is a polynomial of degree not exceeding the integer part of β.
Proof of part (i).
Now fix x ∈ R d and let {t n } be a sequence tending to zero in R d with |t n | ≤ 1 for all n. By an analogous argument to that above there is a constant C so that
for almost all y. Hence, applying the Lebesgue dominated convergence theorem,
It follows that g k is continuous.
Proof of part (ii)
Below we will view g k as a tempered distribution. Let φ ∈ D R d \{0} . Hence φ ∈ S the space of rapidly decreasing functions. The growth conditions on g, k, and φ combine to imply that all the iterated integrals below are absolutely convergent, so that the applications of Fubini's Theorem that occur are justified.
Hence g k − h is a distribution supported at the origin. Therefore g k = p + h where p is a polynomial. The growth of g k and h implies that p is of degree at most the integer part of β.
In the following B is the Beta function
and ψ is the Digamma function ψ(z) := Γ (z)/Γ(z) (see e.g. [1] ). 
Proof of the first identity. The assumptions on v and w clearly imply the integral is convergent. Substituting
Proof of the second identity. Since 
Employing (3.1) this implies
Proof of the third identity. Proceeding as in the proof of the second integral identity
MOLLIFICATION FORMULAS FOR POWERS OF THE MODULUS
In this section mollification formulas will be developed for powers of the modulus. The flavour of the main result, Theorem 4.1, is that the convolution of |x| β against an appropriate inverse multiquadric is the generalised multiquadric |x| 2 + c 2 β/2 . Further, a quantitative Korovkin Theorem, Proposition 4.2, estimates the distance between the original unsmoothed RBF s and the corresponding smoothed RBF s = s k d,β,c .
Define the generalised multiquadric basic function ( the generalised Fourier transform of a Bessel kernel) as
where c > 0. These functions are most often considered in the case that β is a positive odd integer. Clearly Ψ β,c can be viewed as a smoothed out version of |x| β . The results of this section show that the "smoothing out" is actually given by a convolution.
More precisely Theorem 4.1 to come shows that in R d and for all β > −d
where Φ β (x) = |x| β and the convolution kernel k d,β,c is the generalised multiquadric with negative index Ψ −β−2d,c , normalised to have integral one. That is
for the surface area of the unit sphere in R d . Then
implying from equation (3.1) that
Interpretation of convolution against the kernel as a low pass filter will be aided by the expression (4.8) for its Fourier transform
This Fourier transform is a positive function tending to zero exponentially fast with |ξ|. Considering the graph of k d,β,c (|ξ|) against |ξ| it is clear that the width of the graph at any fixed height is inversely proportional to c. This expresses precisely how the graph of k d,β,c (ξ) grows more and more peaked as c increases. Thus convolution with k d,β,c will attenuate high frequencies more and more as c increases. Using equation (3.1) again one has
We are particularly interested in the polyharmonic splines. In odd dimension odd powers of the modulus are multiples of fundamental solutions of iterated versions of Laplace's equation. Radial basis functions based on sums of shifts of these fundamental solutions supplemented by polynomials have many wonderful properties. Such polyharmonic splines arise naturally as smoothest interpolants (see [8] ) and have performed extremely well in many practical applications (see e.g. [5] ). A particularly important special case is that of the basic function Φ(x) = |x| in R 3 . The corresponding RBFs, which take the form of a linear polynomial plus sums of shifts of the modulus, are called biharmonic splines in R 3 . We will now show the mollification formula 
Remark: This result includes the cases where the power β and the dimension d are both odd, and Φ β (x) = |x| β is a polyharmonic spline basic function. It also includes many other cases. In particular the range of validity of the formula includes those exceptional β's for which Φ β and Ψ β,c are polynomial.
Proof. We note the following generalized Fourier transforms for the relevant functions viewed as distributions acting on
for β ∈ 2N 0 , where [12, page 363] ). Then using the normalising constant
for a set of β's including 0 < β < 1. Now fix c > 0, 0 < β < 1, and apply Lemma 3.1. The Lemma implies that
where p β,c is a polynomial of degree 0 and the equality holds pointwise. Considering the point x = 0 we find
where we have used (4.6). Then observing that Ψ β,c (0) = c β we deduce that the polynomial p β,c in (4.9) must be identically zero. We have therefore established that for all c > 0 and 0 < β < 1
Now fix c > 0 and x ∈ R d . The right-hand side of (4.7) is an entire function of β. The left-hand side is continuous on Ω d := {β : (β) > −d} by the Lesbesgue dominated convergence theorem. A standard argument using Morera's theorem then shows that the left-hand side is analytic on Ω d . (4.10) shows that (4.7) holds for 0 < β < 1. Hence, by analytic continuation, it holds for all (β) > −d.
The remainder of this section will concern the application of the Theorem above to implicit smoothing.
Recall from (4.6) that
A routine application of Hölder's inequality then shows that (4.11)
These expressions for the α-th absolute moment of k d,β,c clearly quantify the manner in which the kernel becomes peaked as c approaches zero. Loosely speaking they show that the dominant part of convolution against the kernel is averaging on a length scale of approximately c, at least for functions of sufficiently slow growth. Thus we can expect convolution against k d,β,c to lose, or smooth, detail at this length scale. A more precise statement about the error between the original RBF s and its smoothed version s is implied by the quantitative Korovkin theorem we are about to present. See the last paragraph of this section for the details.
Given a uniformly continuous function g :
Let f ∈ C (R d ) be a function with all -th order partials uniformly continuous on R d .
Define the -th order directional derivative of f at x in the direction of u, f ( ) u (x), as the -th derivative of the univariate function g(t) = f (x + tu), at t = 0. The joint modulus of continuity of all directional derivatives of order of f is given by
For a discussion of the properties of this modulus of continuity see [4] . Given ∈ N 0 and 0 < α ≤ 1 we will say the total derivative f ( ) is in Lip M (α) if there exists a positive a constant M such that
For each multiindex γ adopt the usual notation defining |γ| = γ 1 and the normalized mononomial
With this notation in hand we can state the following folklore quantitative Korovkin Theorem. We include the simple proof for the sake of completeness, and also because we do not know of a convenient reference. 
Then for all f ∈ C (R d ) with -th total derivative in Lip M (β) and all c > 0
Proof. Taylor's theorem with integral remainder for univariate functions implies
Applying this along the line segment joining x and x − t in R d we find the multivariate Taylor theorem in the form
Hence using the hypotheses
As a first application of Theorem 4.1 and Proposition 4.2 consider implicit smoothing of an RBF of form (2.1) when Φ(x) = |x| and p is of degree 1. Implicit smoothing of a surface in R 3 modelled with such a biharmonic spline is illustrated in Figures 1 and 2 . Then the unsmoothed function s ∈ Lip M (1) where
Convolving against k d,1,c we note that linear polynomials are preserved so that the smoothed RBF (2.2) takes the special form
Applying the Korovkin theorem Proposition 4.2, using that R d |x|k d,1,c (x)dx = c by (4.6), we see that s − s ∞ ≤ M c.
RADIAL FUNCTIONS
This section outlines some known fundamental properties of radial functions. A function f : R d → R is radial if there is a univarate function g such that f (x) = g(|x|) for all x. Lemma 5.1. Let f, k : R d → R be such that the integral defining (f k)(x) is absolutely convergent for all x. If f and k are radial then so is f k.
Proof. Given x ∈ R
d choose a rotation matrix Q so that Qx = |x|e 1 where e 1 is the vector (1, 0, . . . , 0). Then Proof of (a). Suppose that p is radial yet at least one homogeneous part of p is not. Let H m p be the first non radial homogeneous part of p. Then there exist x, y with |x| = |y| = 1 but (H m p) (x) = (H m p) (y). Now let
as r → 0 + implying e(rx) = e(ry) for all sufficiently small r > 0. But e is radial by choice of m. Contradiction. Proof of (b) From part (a) if j is odd then H j p is both odd and radial, therefore identically zero. Hence writing e 1 for the unit vector (1, 0, . . . , 0) and using part (a) again
where b 2j = (H 2j p) (e 1 ).
MOLLIFICATION FORMULAS FOR FUNCTIONS OF THE FORM r 2j log r
In this section mollification formulas are developed for the generalised thin-plate spline basic function |x| 2j log |x|, j ∈ N . The flavour of the main result Theorem 6.1 is that convolution of the generalised thin-plate basic function against a certain inverse multiquadric yields the corresponding shifted thin-plate spline |x| 2 + c 2 j log |x| 2 + c 2 , plus a polynomial of degree 2j − 2.
In even dimension even powers of the modulus multiplied by log |x| are fundamental solutions of iterated versions of Laplace's equation. In particular RBFs taking the form of a linear polynomial plus a sum of shifts of x 2 log |x| are the biharmonic RBFs in R 2 . These thin-plate splines can be shown to be the solutions of various smoothest interpolation and penalized smoothing problems (see e.g. [8] , [20] ) and have proved very successful in many scattered data fitting applications, see for example [13] . For such functions we will show mollification formulas of the form
where β ∈ 2N , k d,β,c is as in (4.3) , and p β is a polynomial depending on d, β and c. The first function on the right above
is the shifted thin-plate spline basic function of Dyn, Levin and Rippa. Some properties of these functions can be found in [10] and [9] . In contrast to the case of smoothing |x| β discussed in Section 4 a nonzero polynomial part does arise in smoothing |x| 2j log |x|. For example the convolution on the left of (6.1) for d = 2, β = 2, and c = 1 evaluated at zero can be rewritten using polar coordinates as
This equals 1/2, while (r 2 + 1) log √ r 2 + 1 evaluated at r = 0 is 0. This direct calculation for the special case d = 2 is in agreement with the general formula (6.5) which we are about to prove.
Explicitly we will show
where p 2j is a radial polynomial of degree 2j − 2. Writing p 2j in the form
and in particular
Proof. Start with the the mollification formula of Theorem 4.1
for all x ∈ R d and all (β) > −d. Differentiating both sides with respect to β yields
Calculation of quantity
Hence employing the mollification formula (4.7) we find
Quantity B 2j is the convolution
we are interested in.
Calculation of quantity C 2j .
Expanding the term |x − y| 2j = |x| 2 − 2 < x, y > +|y| 2 j that occurs above using the Binomial Theorem it is clear that |x−y| 2j a polynomial of degree 2j in x and y. Collecting terms in the expansion by degree in x |x − y| 2j = |x| 2 − 2 < x, y > +|y|
+ terms of lower degree in x .
Substituting this expansion into the expression for C 2j reveals that C 2j is a polynomial of degree 2j in x. From Lemma 5.1 this convolution of radial functions yields a radial function. Hence from Lemma 5.2 C 2j is a polynomial of degree j in |x| 2 . The term involving |x| 2j in the expression C 2j is
where we have employed (3.3).
Combining the expressions for A 2j and B 2j , with the expression above for the coefficient of |x| 2j in C 2j we find that the terms in |x| 2j cancel and therefore the convolution has the form given in equation (6.3) of the Theorem.
We proceed to identify the constant part b 2j,0 of the polynomial p 2j . It follows from formula (6.3) that
Using the radial symmetry the left hand side can be rewritten as the univariate integral
Applying the notation and results of Lemma 3.2 this becomes 2
Observing that Ξ 2j,c (0) = c 2j log(c) it follows that
Employing the recurrence [1, (6.3.5) and (6.3.6)]
the expression for b 2j,0 can be rewritten as
establishing formula (6.4). Substituting j = 1 gives the formula (6.5).
As an application of the mollification formula of Theorem 6.1 consider implicit smoothing of an ordinary thin-plate spline of form
Implicit smoothing of such a fit is illustrated in Figure 3 . If the RBF coefficients λ i satisfy the usual side conditions
then the sum of all the constant parts arising from smoothing, i λ i c 2 /2 , is zero. Thus the smoothed thin-plate spline is
Further, when (6.7) holds, one can form a far field expansion
of s(x) where P j denotes a polynomial of degree j. This expansion converges to s(x) with a geometric rate for all sufficiently large |x|. It follows that the gradient s (1) (x) = ∇s(x) is bounded and hence s ∈ Lip M (1) with
Hence noting from (4.11) that R d |x| α k 2,2,c (x)dx < c α for all 0 < α < 2 and applying the Korovkin theorem Proposition 4.2 we find that in this case
Consider now using the triharmonic spline in R 2 based on sums of shifts of |x| 4 log |x| plus quadratics
The triharmonic spline is C 3 . It is natural to use such a triharmonic spline, rather than the usual thin-plate spline, if the function being approximated is smoother, or if a smoother approximation is required.
The usual side conditions for the triharmonic spline are that the coefficients λ i are "orthogonal to" quadratics. That is that
for all quadratics q.
These conditions imply that the polynomial parts arising from smoothing of the weighted shifts of | • | 4 log | • | cancel to give the zero polynomial. Therefore the smoothed RBF has the form
where q 2 = p 2 k 2,4,c will usually differ from p 2 . Further, when the side conditions (6.8) hold, one can form a far field expansion
of s(x) where Q 1 (x) is a polynomial of degree 1, and for all j, P j denotes a polynomial of degree j. This expansion converges to s(x) with a geometric rate for all sufficiently large |x|. It follows that all the second partials of s are bounded. Hence the first total derivative
α for all 0 < α < 4 and applying the Korovkin theorem Proposition 4.2 we find that in this case s − s ∞ < M c 2 .
BESSEL KERNELS AND MATERN FUNCTIONS
This section discusses mollification formulas for Bessel kernels and the scaled versions known as Matern functions. These mollification formulas can be exploited in an implicit smoothing technique for Matern RBFs.
Recall the Bessel kernels G d,α for R d given for α > 0 by
Good references for the many wonderful properties of these functions are [2] and [7] . The properties that we will need in the following are
The Bessel kernels are also basic functions corresponding to natural smoothest interpolation problems. [16] and [17] having shown that for k > d/2 RBF interpolation with basic function G d,2k yields the interpolant minimizing the Sobolev inner product for W
over all sufficiently smooth interpolants. More explicit forms for some of the Bessel kernels are
which is Lipschitz,
which is twice continuously differentiable and
which is four times continuously differentiable. These formulas and others can be derived using [1, (10.2.15) or (10.2.17)]. Introduce a parameter c by considering the dilated version scaled to have integral 1
We have used the letter M for these functions as in the Statistics literature they are often called Matern functions rather than scaled Bessel kernels (see e.g. [19] ). From (7.1) and its immediate consequence
it is clear that c is a length scale associated with the kernel M d,α,c . The positive definiteness of the G d,α 's implies that of the M d,α,c 's. Hence the scattered data interpolation problem of finding a Matern RBF of the form
taking given values f i at a finite number of given distinct points x i is guaranteed to have a unique solution. [15] discuss an application of Matern RBFs to the numerical solution of PDEs in which they significantly outperform multiquadrics.
The convolution property of the G d,α 's implies
Therefore given an RBF built upon the basic function M d,α,c we can carry out implicit smoothing in the form
The RBF s based on the kernel M d,α,c is Lipschitz whenever α ≥ d + 1. Hence, the Korovkin theorem and the moment estimate (7.2) imply that
|∇s(x)| c,
MOLLIFICATION FORMULAS FOR COMPACTLY SUPPORTED RBFS
This section discusses mollification formulas for compactly supported RBFs. These mollification formulas can be exploited in implicit smoothing techniques for compactly supported RBFs.
In this section we abuse notation and do not distinguish between radial functions in terms of the dimension of their Euclidean domain. Thus we write f (x) for a radial function which when written as g(|x|) we can consider as having any finite dimensional Euclidean domain R n . Consequently we need to identify the dimensionality of the domain differently and do so by writing d for the convolution in R d . Following [21] given an L ∞ compactly supported radial function f form from it another radial function (If ) by defining (viewing f as a function of the variable r = |x|) In the interior of intervals of continuity of f the fundamental theorem of calculus implies (DIf )(t) = f (t).
Then Wendland derives from the work of [18] formulas for the convolutions of compactly supported radial functions one of which should read Now let k c be the characteristic function of the ball with radius c in R 3 , normalised to have integral one. By Bochner's theorem C 3 (x) = (k c 3 k c )(x) will necessarily be positive definite. Statisticians call this function the spherical covariance, but it is also known as the Euclid hat. The latter name derives from the analogy with the univariate piecewise linear hat function, or linear B-spline, on a uniform mesh, which is the convolution of two characteristic functions. It follows easily from formula (8.2) that the spherical covariance, normalised to have value 1 at zero, and to be supported on a ball radius 1, is C 3 (x) = 1 − 3 2 |x| + 1 2 |x| 3 .
Other frequently used positive definite compactly supported basic functions in R 3 are the Askey function A and the Wendland function W given by A(r) = ψ 2,0 (r) = (1 − r) To use these functions at a length scale R one simply replaces r by |x|/R.
We consider implicit smoothing of these basic functions by convolving them with the kernel k c defined above. The resulting function will clearly be supported on {x : |x| ≤ 1 + c}. Looking in the Fourier domain we see that the smoothed function will not be positive definite. Positive definiteness is important as it guarantees the existence of solutions to interpolation problems. However, it does not matter for our implicit smoothing application, in which one smooths a previous fitted RBF. If one wants the smoothed basic function to be positive definite then clearly one should choose a compactly supported positive definite function such as the Askey function or spherical covariance, normalised to have integral 1, as the smoothing kernel rather than k c .
Maple code based on (8.2) yields piecewise definitions for the smooth approximations Ψ = Φ 3 k c to these basic functions Φ when 0 < c < 1/2. In particular (A 3 k c ) (r) equals
